Abstract. This paper is devoted to studying certain trivial correspondences provided by theta divisors and their relation to the Brumer-Stark conjecture.
Introduction
In the works [An2] , [C] a proof is given of the Brumer-Stark conjecture in the case of abelian extensions of F q (t). It is obtained by considering Frobenius correspondences attached to L-series and by proving that they are linearly equivalent to trivial correspondences. In [An2] , this result it is proved by considering the theory of theta functions. In this paper we generalize these results for arbitrary curves; we again obtain correspondences attached to L-series and, by using the fact that two theta divisors are linearly equivalent, we prove that these correspondences are linearly equivalent to trivial correspondences. For elliptic curves, we obtain explicit functions, which render these correspondences trivial. These results provide us with another proof for the Brumer part of the Brumer-Stark conjecture in the function field case (cf. [T] , Conjecture 6.2, p. 107, and [H] , Theorem 1.1). For the extensions H m /K, K is a global function field with a distinguished place, ∞, of degree 1, and m is an effective divisor supported away ∞, where H m is the maximal abelian extension of the conductor m in which ∞ splits completely. I believe that the interest of this proof lies in the study of the Brumer-Stark conjecture in the non-abelian case for function fields, perhaps because it provides some information about the number field case. All this work is strongly based on the results of [An1] and perhaps these results give some hints to [An3] .
Preliminaries about the generalized jacobian and the theta divisor
Let X be a projective, smooth and absolutely irreducible curve over F q (q = p m ) of genus g; ∞ is a rational point in X, A := H 0 (X \ {∞}, O X ), m is an ideal in A, such that the effective divisor D(m) associated with m is of degree d + 1, T = supp(m), Spec(A T ) = X \ T and K is the function field for X. R is an F q -algebra.
Let L be a line bundle over X × Spec(R). An m-level structure on L is a pair (L, f m ), where f m is an epimorphism of modules
The moduli scheme for the pairs (L, f m ), with deg(L) = 0, is given by the generalized jacobian P ic 0 X,m ; cf. [Se] , chapter V. By [Se] , chapter IV, there exists a singular curve, X m , that is only singular in a point Q. Its normalized curve is X, and the conductor of ρ : X → X m is given by A/F q + m. Moreover, there exists an equivalence between line bundles on X m and line bundles over X with m-level structures; see [F] . In this way, P ic
m the group of ideles of X outside T of degree r, and the group of ideles outside T , without zeroes and poles, respectively. We denote by
One notes that the rational points of P ic
[N ] denotes the equivalence class of N in G m . The set of effective divisors m-equivalent to N is given by the set
O Xm (N ) denotes the line bundle on X m associated with N . We denote by L m (N, 0) the cardinal of this last set. µ m denotes the natural morphism of forgetting level structures
Definition 2.1. We define the theta divisor, Θ m , as the closed subscheme of P ic
In the following proposition we prove that, µ
is linearly equivalent to Θ m . Owing to a subsequent calculation, we shall assume d ≥ g, although the result is true for any d ∈ N. We show which is the meromorphic function, b, on 
, 1) and
To calculate this determinant, we choose a basis in A/m. By the choice of this basis, it is not hard to prove that b
3. Elliptic sheaves of rank 1 Definition 3.1 ( [Dr] ). An A-elliptic sheaf of rank 1 over R is a diagram of line bundles over
The latter elliptic sheaf will be denoted by (L, i, t).
Definition 3.2. An m-level structure for an A-elliptic sheaf of rank 1 over R, (L, i, t) , is an m-level structure for L such that the following diagram is commutative:
This elliptic sheaf with an m-level structure is denoted by (L, i, t, f m ).
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Let us consider the Lang isogeny
X,m is the Abel morphism given by the m-level structure
where this level structure is obtained from the exact sequence of 
X,m -scheme via the Lang isogeny; cf. [Se] . We can now obtain the T (= supp(m))-incomplete L-function evaluator at s = 0:
Similar to [An1] , 4.1.1, bearing in mind that that σ ∞ acts trivially on Y m , we obtain 
Let N be a divisor of degree 0, supported away from T and ∞. For easy notation, 
Here,
and
In the case of β 
Proof. From the commutative diagram
is concentrated, and we conclude the proof because π m is a Galois covering of group G m .
Proof. Bearing in ming the last lemma it suffices to prove that if
is defined over a geometric point Spec(k(s)), then either there exists i with 0
is again an elliptic sheaf with an m-level structure.
Because of the definition of H 0 m (X s , ) and since we have
S S S S S S S S S S S S S
In the first case, we conclude because of [An1] , 3.3.1. In the second case, we obtain a morphism of modules 
r and ι is given by O Xm → R, 1/T → t; 1/T is a local parameter for ∞ ∈ X m , and p 1 is the natural projection
One can obtain a similar result for the cohomology group H 1 . As in [An1], 1.8, by the Riemann-Roch Theorem for X m (cf. [Se] chapter IV, no. 6), there exists a basis 
is the unique closed immersion such that 
From these results, we have, as in [An1] , 4.1.1, that
Now, for easy notation let us denote h
is linearly equivalent to zero.δ := 1 − δ, with δ the Kronecker symbol.
Proof. From Proposition 2.2, β −1 
, and from this one deduces that Proof. Since
We conclude by the existence theorem of class field theory. If L ∈ P ic 0 (H m ), then we have that [N ] 
We can say something about the Stark part of the Brumer-Stark conjecture. If u is a divisor on H m of degree 0, then by the last theorem (q
In [H] a complete proof is given for arbitrary divisors by using Drinfeld modules.
3.2. An explicit computation. Let consider us X = C an elliptic curve. We take m = m d+1 x , d ≥ 2, m x a maximal ideal in A with x rational and t x a local parameter. With the above notations we have that the element
is trivial (cf. Theorem 3.5). Thus, (q−1)θ Hm/K,T acts on P ic 0 (H m ) as [N ] ∈Gm σ N . Bearing in mind Proposition 2.2, we calculate the function that makes this Weil divisor linearly trivial.
Let us consider the diagram
where (1) and L ∨ (1), respectively. We denote by p ij : C × C × C → C × C the natural projections and
the cup product.
Lemma 3.7. There exists an open subset
where
Proof. Let us consider the elliptic sheaves given by (O C , i, t) and (O C (∞ − x), i, t), i = t being the natural inclusions. 2∞ − xy is linearly equivalent to y ∈ C. We consider
One checks that 1 ∪ 1, 1 ∪ f 2 , e ∪ 1 is a basis for H 0 (O C (y + 2∞)). We are finished, because these elliptic sheaves give a rational point ( 
The following lemma is deduced from [Dr] , [Mu] .
If Γ is the pull-back of the diagonal divisor via the morphism
. Now let us calculates 1 ,s 2 . By considering s 1 = 1, we bear in mind the isomorphism ρ :
In this way, we can take µ = 1 and λ = −1 ⊗ f 2 ; f 2 denotes the value of f 2 via the morphism Id − F + ∞. By choosing f 3 ∈ H 0 (O C (3)), one can calculates 2 analogously.
We use the same notation for the pull-back of sections "s h " ands 1 ,s 2 to C ⊗H m . By [Al] (Remark 3.1) we have that
ν j is an m j x -torsion element for the A-elliptic module, associated with the elliptic sheaf (L, i, t), now considered on H m to obtain a level structure g m ; cf. [Dr] , [Mu] . We have a commutative diagram For X = P 1 , explicit calculations are made in [An2] , chapter 6, by considering level structures at ∞.
